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Harmonic Numbers

Definition (Harmonic Series)
The harmonic series is defined by the infinite sum

∞∑
k=1

1
k
= 1 +

1
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+ · · · .

This series diverges.

Adding the first n terms of this series gives us a partial sum:

Definition (Harmonic Numbers - Hn)

Let n be a positive integer. nth harmonic number Hn is defined as

Hn = 1 +
1
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Some Important Properties of Harmonic Numbers

One of the most important properties of harmonic numbers Hn is their
nonintegerness when n > 1 (It is trivial that H1 = 1

1 = 1). Theisinger
(1915) [11] gave an elementary arithmetic proof of this theorem, while an
approach relying on Bertrand’s postulate was given later. A different point
of view given by Kürschák (1918) [9] used theory of p-adic valuations
to prove nonintegerness.

Theorem (Nonintegerness of Hn)
For n ≥ 2, Hn /∈ Z.

Theorem (Babbage, 1819 [2])

For each odd prime p, Hp−1 ≡ 0 (mod p).

Theorem (Wolstenholme, 1862 [13])

For each prime p ≥ 5,Hp−1 ≡ 0 (mod p2).
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Some Generalization Effort: Generalized Harmonic Numbers

Definition (Generalized Harmonic Numbers)

The nth generalized harmonic number of order m is given by

Hn,m =
n∑

k=1

1
km

.

Remark.
The case m = 1 reduces to standard harmonic numbers directly. More
importantly, we can see generalized harmonic numbers as partial sums of
the Riemann zeta function: The limit of Hn,m as n → ∞ is finite if m > 1,
with the generalized harmonic number bounded by and converging to the
Riemann zeta function

lim
n→∞

Hn,m = ζ(m).
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J(p) Sets and a Conjecture (I)

Eswarathasan & Levine, 1991 [4]
They studied divisibility of harmonic numbers Hn = a(n)/b(n) (in lowest
terms) by a prime p, defining

J(p) = {n ≥ 0 : a(n) ≡ 0 (mod p)}.

They proved J(p) finite for p < 11, noting even J(11) seemed difficult.
Exceptional small cases:

J(2) = {0}, J(3) = {0, 2, 7, 22}.

For p > 3:
{0, p − 1, p(p − 1), p2 − 1} ⊂ J(p).

They conjectured that: For all primes p, J(p) is finite.
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J(p) Sets and a Conjecture (II)

Boyd, 1994 [3]
Boyd studies these sets using p-adic methods and shows that their
recursive structure can be modeled by a critical branching process
(probabilistic and computational way to approach the topic), suggesting
that Jp is typically finite but can occasionally be very large. The paper also
gives large-scale computations of Jp and finiteness of all J(p) sets with
p < 550 with three exceptions p = 83, 127, 397.

The conjecture remains open. For deeper analysis of p-integral harmonic
sums, see Altuntaş’s “On the finiteness of some p-divisible sets” [1], Göral
and Sertbaş’s “Applications of class numbers and Bernoulli numbers to
harmonic type sums” [7], and Sanna’s work “On the p-adic valuation of
harmonic numbers” [10]. For weaker variants of the J(p) sets and
conjectures equivalent to the conjecture, consult the concluding remarks in
Göral and Sertbaş’s “Divisibility Properties of Hyperharmonic Numbers”
[6].
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FLINT: Fast Library for Number Theory

FLINT (Fast LIbrary for Number Theory) [5] is a C library, started by
David Harvey and William Hart in 2007, offering highly optimized exact
arithmetic for integers, rationals, polynomials, and finite fields. One can
use this library in Python as ”python-flint“ .

Key Features
Since FLINT 3 (2023): unifies former Arb, Antic, and Calcium libraries
Exact rational and p-adic arithmetic, primality testing, factorization
Distributed with SageMath via a Cython wrapper
Maintained by Fredrik Johansson and Albin Ahlbäck
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A Blog Page by Johansson

Figure: A Personal Blog Page by Frederik Johansson [8]
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How To Compute Harmonic Numbers

A baby step for constructing a computational approach is to directly
compute the series:

Naive Approach

from flint import fmpq
def H(n):

total = fmpq(0)
for i in range(1, n + 1):

total += fmpq(1, i)
return total

With Schönhage–Strassen multiplication algorithm (FFT-Based)
which has the computational complexity O(n log n log log n), total
complexity of the naive algorithm is:

O(n2 log n log log n)
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Divide and Make It Faster (I)

Binary splitting is a divide-and-conquer technique for exact evaluation of
rational series.

Setup
For a series

S(a, b) =
b∑

n=a

pn
qn

,

the goal is to find integers P(a, b), Q(a, b) such that S(a, b) =
P(a, b)

Q(a, b)
.
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Divide and Make It Faster (II)

Recursive Splitting

Set m =

⌊
a+ b

2

⌋
. Then P(a, b) and Q(a, b) are computed recursively

from
P(a,m), P(m, b), Q(a,m), Q(m, b),

combined via a merge step. When b − a is small enough, compute directly
from pa, . . . , pb and qa, . . . , qb.

Merge Step
P(a,m)Q(m, b) + P(m, b)Q(a,m)

Q(a,m)Q(m, b)
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Divide and Make It Faster (III)

Why It’s Faster
Naive summation requires a full-precision division per term. Binary splitting
needs only one division at the end—faster and free of intermediate
rounding error. Thus, cost drops to O(log(n)M(n)) where M(n) is the
multiplication cost.

With the help of FLINT we can implement a very fast working binary
splitting model to harmonic numbers but since we are again working with a
rational series and we have many Q(a,m1), . . . ,Q(mn−1, b) as the
denominators of the leaf nodes.
Is it really efficient to multiply all of denominator Qs?
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Binary Splitting Harmonic Numbers (I)

As Johansson gave an old implementation of the binary splitting idea on
harmonic numbers computation, we give a much more clean and modern
version of the algorithm:

Binary Splitting Algorithm (I)

def _harmonic_bs_seq_fmpz(a, b):
n = b - a
if n == 1:

return fmpz(1), fmpz(a)
if n <= 16:

q = fmpz(1)
for i in range(a, b):

q *= i
p = fmpz(0)
for i in range(a, b):

p += q // i
return p, q

m = a + (n >> 1)
p1, q1 = _harmonic_bs_seq_fmpz(a, m)
p2, q2 = _harmonic_bs_seq_fmpz(m, b)
return p1 * q2 + p2 * q1, q1 * q2

Doruk Üstündağ (İYTE) Hn and Their Complexity Analysis 14 / 25



Binary Splitting Harmonic Numbers (II)

Binary Splitting Algorithm (II)

def harmonic_sequential_fmpz(n):
n = int(n)
if n == 0:

return fmpq(0)
p, q = _harmonic_bs_seq_fmpz(1, n + 1)
return fmpq(p, q)

Again using Schönhage–Strassen multiplication algorithm
(FFT-Based) and the complexity calculation from binary splitting we
have the total complexity:

O(n log2 n log log n)
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Parallelizing Binary Splitting

Algorithm (Ü., 2026 [12])

def harmonic_parallel_fmpz(n, workers=None):
n = int(n)
if n == 0:

return fmpq(0)
workers = workers or os.cpu_count() or 1
workers = max(1, min(workers, n))
chunk_size = n // workers
bounds = [1 + i * chunk_size for i in range(workers)]
bounds.append(n + 1)
bounds[-1] = n + 1
with ProcessPoolExecutor(max_workers=workers) as ex:

futures = [
ex.submit(_harmonic_bs_seq_fmpz, bounds[i], bounds[i +

1])
for i in range(workers)

]
results = [f.result() for f in futures]

p, q = results[0]
for p2, q2 in results[1:]:

p, q = p * q2 + p2 * q, q * q2
return fmpq(p, q)
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Speed Comparison

CPU Spec: AMD Ryzen 9 8940HX: 16C/32T Zen 4 mobile CPU, 2.4–5.3
GHz, and process worker count is set to 4 for parallel computation because
of the pooling inefficiencies.

n Naive (s) Sequential BS (s) Parallel BS (s)
103 0.0006 0.0004 0.9644
104 0.0172 0.0043 1.2662
105 0.9881 0.0702 1.2991
106 91.1188 1.0596 1.0526
107 – 16.8485 10.5951
108 – 272.7281 155.7067

Table: Performance comparison of naive, sequential, and parallel computations
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How Not To Compute Harmonic Numbers

Question / Remark (Johansson).
Binary splitting is not the fastest algorithm for computing factorials. The
fastest known method is to decompose n! into a product of prime powers
and perform balanced multiplication-exponentiation. Can this idea be
applied to harmonic numbers? [8]

Mainly we have three important questions:
Can we find a new method as suggested?
Can we implement it?
Would it be faster than binary splitting?
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An Algorithm Proposal

Let us firstly give an important identity for least common multiple of
natural numbers up to some natural number n:

lcm{1, . . . , n} =
∏
p≤n

p⌊logp n⌋,

where p is a prime number.

Algorithm Proposal (Ü., 2026 [12])

Hn =

∑n
i=1

∏
p≤n p

⌊logp n⌋

i∏
p≤n p

⌊logp n⌋

Just multiplying and dividing by the least common multiple term we reduce
the computation of nth harmonic number Hn to just an integer sum (since
i | lcm{1, . . . , n}, when i ∈ {1, . . . , n}) and a mere prime sieving algorithm.
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Implementation and Optimization

Implementation and optimization of the proposed algorithm is rather
trickier than algorithms before since it has a bit more complex subroutines
than the other ones. But with again a binary splitting type argument at the
integer sum we can again get to the computation complexity of binary
splitting algorithm for harmonic numbers (nearly O(n log3 n)).
Implementation and a better optimization on the idea of the new algorithm
is still a work in progress! We can layout a roadmap for future works on
this algorithm as:

Finding a better algorithm for the hidden gcd-trap in the summation
(FLINT’s own algorithm is used!)
Finding a faster method than binary splitting for the integer sum
Optimizing prime sieving (now using prime_sieve)
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